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Abstract 

In this paper, a new notion called the general nonuniform {h, k, fi, i/)-dichotomy for a se¬ 
quence of linear operators is proposed, which occurs in a more natural way and is related 
to nonuniform hyperbolicity. Then, sufficient criteria are established for the existence of 
nonuniform {h, k, p, z/)-dichotomy in terms of appropriate Lyapunov exponents for the se¬ 
quence of linear operators. Moreover, we investigate the stability theory of sequences of 
nonuniformly hyperbolic linear operators in Banach spaces, which admit a nonuniform 
{h,k, p,u)-dichotomj. In the case of linear perturbations, we investigate parameter de¬ 
pendence of robustness or roughness of the nonuniform {h, k, p, i^)-dichotomies and show 
that the stable and unstable subspaces of nonuniform [h, k, p, i^)-dichotomies for the linear 
perturbed system are Lipschitz continuous for the parameters. In the case of nonlinear 
perturbations, we construct a new version of the Grobman-Hartman theorem and explore 
the existence of parameter dependence of stable Lipschitz invariant manifolds when the 
nonlinear perturbation is of Lipschitz type. 

Keywords: Nonuniform {h, k, p, z/)-dichotomies; Roughness; Hartman-Grobman theorem; 
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1. Introduction 

The classical notion of the uniform exponential dichotomy, essentially introduced in the 
seminal work of Perron [1], has been playing a center role in a substantial part of the theory 
of uniformly hyperbolic dynamical systems. The theory of exponential dichotomies and its 
applications are widely developed. We refer to the books [2, 3, 4, 5] for more details and 
references. However, the uniform exponential dichotomy is very stringent for the dynamics 
and it is of interest and is very important to look for more general types of hyperbolic 
behavior [6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16]. 
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The concept of nonuniform hyperbolicity, describing the theory of continuous or discrete 
dynamical systems with nonzero Lyapunov exponents, generalizes the classical concept of 
uniform hyperbolicity and has been widely recognized both in various helds of mathematics 
and in practical applications [18, 19, 20, 21]. Recently, various different kinds of nonuniform 
dichotomy are proposed, which are exhibited by a large class of differential or difference 
equations and closely related to the theory of nonuniform hyperbolicity, e.g. nonuniform 
exponential dichotomy [6, 8, 9, 10, 11, 16, 17], nonuniform polynomial dichotomy [13, 22, 23], 
p-nonuniform exponential dichotomy [24], nonuniform (p,, i/)-dichotomy [14, 15, 25, 26, 27], 
and so on. Moreover, the uniform or nonuniform dichotomy, together with its variants and 
extensions, is always one of the most important and useful means in the study of the stability 
theory of the uniform or nonuniform hyperbolic dynamical systems, such as, the roughness 
in the hnite dimensional spaces [2, 7, 26, 28, 29, 30, 31] or in the inhnite dimensional spaces 
[6, 23, 24, 25, 32, 33, 34, 35, 36, 37], the linearization theory [6, 35, 38, 39, 40, 41, 42, 43, 44], 
and the existence of invariant manifolds and their absolute continuity [6, 45, 46, 47, 48, 49, 
50]. 

In previous studies of uniform or nonuniform dichotomies, the growth rates are always 
assumed to be the same type of functions. However, the nonuniformly hyperbolic dynamical 
systems vary greatly in forms and none of the nonuniform dichotomy can well characterize 
all the nonuniformly hyperbolic dynamics. For example, if we choose some appropriate Lya¬ 
punov exponents, then the growth rates may be completely different (see Section 2 below). 
It is necessary and reasonable to look for more general types of nonuniform dichotomies to 
explore the dynamics of the nonuniformly hyperbolic dynamical systems. 

The nonuniform dichotomy is not only an essential part of the theory of nonuniform 
hyperbolicity but also an important approach to explore the nonuniform hyperbolicity of 
dynamical systems. The main novelty of the present work is that we consider a new notion 
called the generalized nonuniform (h,/c, p, z/)-dichotomy for sequences of nonuniformly hy¬ 
perbolic linear operators, which not only incorporates the existing notions of the uniform 
or nonuniform dichotomies as special cases, but also allows the different growth rates in the 
stable space and unstable space or in the uniform part and nonuniform part with rates of 
expansion and contraction varying in different manner. Particularly, we will establish a suf- 
hcient criterion for sequences of linear operators in block form in a hnite-dimensional space 
to have a nonuniform (h, fc, p, z/)-dichotomy in terms of appropriate Lyapunov exponents in 
Section 2. It follows from the results in the present paper that the notion of nonuniform 
(h, k, fi, i^)-dichotomy occurs naturally. 

For a nonautonomous discrete dynamics dehned by a sequence of linear operators in 
a Banach space, we investigate the parameter dependence of the roughness of nonuniform 
{h, /c, fi, i^)-dichotomy under sufficiently small linear perturbations in Section 3. With the 
help of nonuniform (h, k, /i, z/)-dichotomy, we explore the topological conjugacies by estab¬ 
lishing a new version of the Grobman-Hartman theorem in Section 4, and, hnally, we estab¬ 
lish the existence of parameter dependence of stable Lipschitz invariant manifolds. 

2. Nonuniform {h, k, fi, i/)-dichotomies 

Let B{X) be the space of bounded linear operators in a Banach space X. Consider the 
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sequence of invertible linear operators C B{X). Define 


if m > n, 
id, if m = n, 

if m<n. 

Definition 2.1. A sequence of numbers {um}mez is said to be a growth rate if ■■ ■ < 
Un < ■ ■ ■ < U_i < Uq = I < Ui < ■ ■ ■ < Ura < ■ ■ ■ , Hm^^+oo = +00, lim„^_oo Wn = 0. 

Denote by A the set of growth rates and always assume that 

{h m }mSZ) ^ A 


throughout the paper. 

Definition 2.2. The sequence of linear operators (Am)mez is said to have a nonuniform 
(h, k, /i, i/)-dichotomy if there exist projections Pn for n E Z such that 

PmA{m, n) = A{m, n)P„, m,n E Z 

and there exist constants a<0<b,e>0 and K > 0 such that 

\\A{m,n)Pn\\ < K{hm/hnTia^^\, m>n, 

\\A{m,n)Qn\\ < K{kn/km)~’'i^f^\, m<n, 

where Qn = id —Pn are the complementary projections. 

Remark 2.1. The nonuniform {h,k^ dichotomy is general enough to include as 
special cases the uniform exponential dichotomy (hm = km = = 0^ [51, 39, 52, 42], 

{h,h)-dichotomy (hm = km,£ = 0) [30], {h,k)-dichotomy (e = 0) [30], nonuniform ex¬ 
ponential dichotomy (hm = km = = ^\m\ = [6], nonuniform polynomial di¬ 

chotomy (hm = km = l^m = Vm = 'm + l,m E Z'^) [23], nonuniform -dichotomy 
(hm = km = p-m and Pm = r'm = ^m, m eN) [ 14 , 27], p-nonuniform exponential dichotomy 
(hm = km = Pm = J^m = m E N) [24, 38]. 

Remark 2.2. In [53], the authors proposed a general dichotomy on M and choose two 
functions in the stable space and unstable space. While, in Definition 2.2, four different 
functions for growth rates are chosen in the stable space, the unstable space, the uniform 
part, and the nonuniform part. Compared with the notion in [53], Definition 2.2 is more 
reasonable and occurs in a more natural way, where a and b play the role of Lyapunov 
exponents and e measures the nonuniformity of dichotomies. The reason is that, in a finite¬ 
dimensional space, one can establish a sufficient criterion for sequences of linear operators 
in block form to have a nonuniform {h, k, p, n)-dichotomy in terms of appropriate Lyapunov 
exponents, and Definition 2.2 can more closely connect the theory of Lyapunov exponents 
with the theory of nonuniform hyperbolicity. Those facts will be found in the following 
discussion. 
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Example 2.1. Consider the difference equation in 


where 


^m+l 


(hm+1 
hm 


-01 




^m+1 


(¥^) 

\ J 


H 




m G Z, 


( 2 . 2 ) 


d\^ = log(/im+i)(sinlog(/im+i) - 1) + coslog(/im+i) - coslog(/im) 

- log(/Xm)(sinlog(/im) - 1), 

= log(z/^+i)(sinlog(z/^+i) - 1) + coslog(z/^+i) - coslog(z/^) 

- log(i/m)(sinlog(z/m) - 1) 

and 9 i, 92, 9^ are positive constants. 

Set Pm{zl„ zlfj = and z^f) = zf^ for m G Z. Then 

A{m,n)P„ = ^‘'=■'''”•”1, 

A{m, n)Q„=(Cy 

where 


d^{m,n) = \og{firn){sm\og{firn) - 1) + coslog(ynm) 

- coslog(yn„) - log(yn„)(sinlog(/i„) - 1), 
d‘^{m,n) = log(i^m)(sinlog(z/m) - 1) + coslog(i^m) 

- coslog(z/„) - log(i/n)(sinlog(i/n) - 1). 


It follows that 


\\A{m, n)Pn\\ < e^^^ 
\\A{m,n)Qn\\ < 


hn 


-01 


h.., 
k 
k. 


202 < „202 / ^ 


-01 


/uffp m>n, 


202 < g202 


—^3 


m < n 

\n\ ’ — 


which implies that (2.2) admits a nonuniform {h, k, p, i/)-dichotomy with 

K = e^^\ a = -01, & = 03 , £ = 202. 

In addition to the existing uniform or nonuniform dichotomies, when h, fc, p, v are chosen to 
be different sequences, one obtains some new nonuniform dichotomies such as 

• hm = km = Uim, Hm = = 0 J 2 m + 1 with cui, U 2 being positive constants and m G N; 

• hm = km = e”", Hm = ^m = 


hm = km = m + l and Hm = ^m = e™; 
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• /im = /Urn = m + 1 and km = I'm = e™. 

Example 2.1 shows the generality of the nonuniform (h, fc,/r, z/)-dichotomy. In the fol¬ 
lowing, we establish some sufficient criteria for the sequences of linear operators in block 
form in a hnite-dimensional space to have a nonuniform {h, fc, fi, z/)-dichotomy on N. 

Assume that X = W^ = E(BF with dimE = / and dimF = n — 1. Given a sequence of 
invertible matrixes {A^jmeN C B{X) with Am = diag(Gm, with respect to the above 
decomposition. Dehne : E —)■ [—cxo, -fcx)] and '0, V' : t [—cxo, -|-cxo] by 


(p{y) = limsup 

m—>-+oo 

'ip{z) = limsup 

m—>-+oo 

(p{y) = limsup 

m^+oo 

-0(2;) = limsup 

m—^+oo 


log||G^_i---Gil/|| 
log hm 

log \\Dm-i ■ --DizW 


log km 
log hm 
log km 


(2.3) 


where y & E, z & F, hm and km are growth rates, and logO = —oo. By carrying out similar 

arguments to those of Proposition 10.2 in [6] or of Proposition 1 in [22], we claim that 

(i) <^(0) = <^(0) = '0(0) = -0(0) = -cx); 

(ii) (p{cy) = (p{y), (p{cy) = (p[y), 'ijjicz) = 0(^) and '0(cz) = '0(^) for y E E,z E F and 
c e M \ {0}; 

(hi) ifiy'+y”) < max{v9(|/'), ^(|/")}_, ^{y'+y”) < max{0(|/'), 0(|/")}, i>iz'+z") < max{0(A), 0(A')} 
and xp{z' -|- z") < max{0(z'), ^(z")} for y', y" E E and z', z" E F. 

(iv) ifiy'+y”) = m&x{^p{y'), ip{y")}^^p{y'+y") = max{0(|/'), 0(2/")}, i>iz'+z'') = max{0(P), 0(0')} 

and 'ijj^z' + z”) = max{0(0),0(0')} whenever (/?(//') ^ V^(2/"), 0(2/0 7^ 0(2/^O, '0('^O 7^ 

0(0') and 0(0) 0 0(0'); 

(v) 2/^, • • • ,2/"* are linearly independent if V5(2/^), • • • , viy^) or 0(2/^), • • • , 0(2/™) are dis¬ 
tinct for 2/^, • • • , 2/™ ^ -^\{0}; - are linearly independent if 0(.2^), • • • , 'ip{z'^ ) 

or ■ ■ ■ ,'0(2;™'O are distinct for z^, - ■ ■ , z^' E F \ {0}; 

(vi) ip (0) has at most r <l {r <l) distinct values in E \ {0}, say —oo < Ai < • • • < < 

-|-oo ( —oo < Af < • • ■ < Ai < +oo); 0 (-0) has at most r' < n —I { f' < n — 1) distinct 
values in F \ {0}, say —oo < Xi < • • • < Xr' < +oo (—oo < Xf' < • • • < Xi 0 +oo); 

(vii) Ei = {y E E : \{y) < A*} {Ei = {y E E ■. X{y) < A,}) is a linear space for i = 1, • • • , r 

{i = 1, - ■ ■ ,r)] Fi = {z E F : x{z) < Xi} {Fi = {z E F : x{z) < Xi}) is a linear space 

for i = 1, • • • , r' (i = 1, • • • , f'). 

If (i), (ii) and (hi) hold, (</3,0) ((0,'0)) is said to be the (h,/c) {(h,k)) Lyapunov exponent 

with respect to the linear operators (Am)meN- Let ^i, • • • , Qn and Ci, ‘ ‘ ‘ , Cn be two bases of 

M", they are said to be dual if {gi, Q) = ojij for every i,j, where (•, •) is the standard inner 
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product in M” and is the Kronecker symbol. In order to introduce the regularity coeffi¬ 
cients of (p, (p and assume that A,, Xi,XiyXi finite. Dehne the regularity coefficient 
of (f and (p by 

7 ( 9 ?, (p) = min max{ 93 (( 5 i) -|- (p{Si) :!<*</}, 

where the minimum is taken over all dual bases (5i, • • • ,61 and (5i, • • • , Si of E. The regularity 
coefficient of ^|J and is defined by 

'^) = min max{'0(ei) -|- SSiei) : 1 < i < n — /}, 


where the minimum is taken over all dual bases ei, • • • , e^-i and ei, • • • , of F. 

Theorem 2.1. Assume that ip{y) < 0 for y E E \ {0} and 4>{z) > 0 for z E F \ {0} 
with Ar < 0 < Xi. Then, for any sufficiently small k > 0, the seguence of linear operators 
(^m)mGN admits a nonuniform {h, k, fa, u)-dichotomy with 

a = Xr + e, b = xi+£, £ = max{7(<y9, <p), xi'ip, + £, Tm = hynhm, = kmkm- 

Proof. Let rhj = (p{y{) and fij = ip{;y{) for j = I,-- - where fhe 

columns of Cm-i ■ ■ - Ci and yln-D • • • > vln-i columns of {Cf ■ ■ ■ By (2.3), 

for any k > 0 , it is not difficult to show that there exists a sufficiently large Ki such that 


for m G N and j 


WvL-iW < and \Wm.,\\ < 

1, • • • ,1. Moreover, from {yln-i: vln-i) — ^ij 

[(cr"C7i)-‘]^(c„_,...Ci) = id, 


it follows that 7 (v 5 , (p) 
C{m, n) 


max{rhj + fij : j = 1, ■ ■ ■ , 1}. For m > n, let 

C„_1 ■ ■ ■ C„ = C„_1 ■ ■ ■ C„C„_, ■ ■ ■Ci(C„_, ■ ■ -Cl)-' 

(c„_,...c,)[(c7..c7,rT 


(2.4) 


and Cir{m, n) 


I .. 

ym-iVn-i be the entries of C{m,n). By (2.4), one has 
i=i 

\Cir{m,n)\ <^\yi-l\\yn-l\ < 

i=i t=i 

i 

i=i 

i 

i=i 
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and 


||C(m,n)e|P 


y^^y^JrCir{m,n)ei 

i=\ T=1 


i=l \r=l T=1 


I I 

i=l T=1 


I I 

where ^ = Y1 with ||,^|p = ^ {ei, • • • , e^} is the standard orthogonal basis 

T=\ T=\ 

of E. Therefore, 

/II \ 1/2 

||C(m,n)|| < j 

\i=l r=l / 

Proceeding similarly to the above arguments, we conclude that there exists a constant J ?2 
such that 


\\D{m,n)\\ = \\DY---D-\\\ 

< kl{n - 

< Kl{n - iy{kn/km)~’'k^- 

The proof is complete. | 


In the above discussion, a relatively strong assumption is that Am is of block form. 
In fact, we can also establish the existence of nonuniform (h, fc, p.z/)-dichotomies for more 
general sequences of linear operators. For example, let 


A{m, n) = 


and 


B{m, n) = 


Am—l 


ii m > n 

id. 


ii m = n 



ii m < n 

Bm-l ■ 

--Bn, 

if m > n. 

id. 


if m = n. 

BY-- 

-BY.,, 

if m < n. 


where {-Bmlmez C B{X) are invertible matrix sequences and Bm have a block 

form. A{m, n) is said to be reducible if there exist a sequence of invertible matrixes {Fmlmez 
and a constant M > 0 such that 


AmSm = Sm+lBm, ||^rr^|| < M, < M. 


It is not difficult to show that if A{m,n) is reducible and B{m,n) admits a nonuniform 
(h, k, /i, i/)-dichotomy, then A{m, n) also admits a nonuniform (h, k, /i, i/)-dichotomy. 
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In Theorem 2.1, we note that a sequence of linear operators admit a nonuniform (h, k, /i, u)- 
dichotomy if the Lyapunov exponents are negative in E while all Lyapunov exponents are 
positive in F. This is a rather weaker assumptions. It also shows that the nonuniform 
{h, k, /i, i^)-dichotomy should exist widely in the sequence of linear operators and occur nat¬ 
urally. 

3. Linear perturbations: roughness 

In this section, we consider the roughness or robustness problem for difference equations 
dehned by a sequence of linear operators in a Banach space, or equivalently for a nonau- 
tonomous dynamics with discrete time. The principal aim is to show that the {h, fc, p,, z/)- 
dichotomy dehned in Section 2 persists under sufficiently small linear perturbations of the 
original dynamics. In particular, we establish parameter dependence of robustness or rough¬ 
ness of the nonuniform {h, k, fi, z/)-dichotomy in a Banach space X and show that the stable 
and unstable subspaces of nonuniform [h, /c, fi, z/)-dichotomies for the linear perturbed sys¬ 
tem are Lipschitz continuous in the parameters. 

Let Y = (y, I • I) be an open subset of a Banach space (the parameter space) and consider 
the nonautonomous dynamics with discrete time 




(3.1) 


and the linear perturbed system with parameters 


^m+l (^m T (-^) )) 

where Bm : Y ^{X) are invertible. For each X eY, dehne 


(3.2) 



(^m-1 + Bm_i{\)) ■ ■ ■ [An + i?n(A)) if m > U, 


id if m = n, 

[Am + Bm{X))~^ ■ ■ ■ [An-l + Bn-l{X))~^ A m < Tl. 


Theorem 3.1. Assume that 


(ai) {Am}m&'L admits a nonuniform {h,k, ia,u)-dichotomy; 

{a. 2 ) there exist positive constants c > 0 and uj > 1 such that, for any A, Ai, A 2 G Y, 



(as) lim kJX. = 0 and lim , = 0; 

m—^oo ' ' m—>■—cxD ' ' 


(af) there are positive constants Ni and N 2 such that for each m G Z 


m—1 


00 
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If 


c<[K{2K + 1){Ni + N2 )]-\ (3.3) 

then the sequence of linear operators {Am+Bm{\)}m&'L also admits a nonuniform {h, k, /i, z/)- 
dichotomy, i.e., for each X eY, there exist projections Pn{X) such that 

Pm{,X)Ax{m, n) = Ax{m, n)Pn{X) (3.4) 


and 


\\Ax{m,n)Pn{X)\\ < 
\\Ax{m,n)Qn{X)\\ < 


KK 


1 - 2KKc{Ni + N 2 ) 
KK 


(/im//in)>H(/^H + > K 

+ i^f„|),n > m, 


(3.5) 


1 - 2KKc{Ni + N 2 ) 
where Qn{,X) = id—P„(A) are the complementary projections of Pn{X) and 


K = K/{1 - Kc{Ni + N 2 )). (3.6) 

Moreover, if Y is finite-dimensional, then the stable subspace Pn{X){X) and the unstable 
subspace Q„(A)(X) are Lipschitz continuous in A. 

In the following discussion of this section, we assume that the conditions in Theorem 3.1 
are always satished and the proof of Theorem 3.1 will be completed in several steps. 

For each n G Z, dehne 


111 := {U{m 

1 ^)m>n CP(X) : ||t/||i <cx)}, 

^2 := {V{m 1 ^)n>m cP(X):||l"|| 2 <oo}, 

with the norms 

\\U\\i = sup |||f/(m,n)||(hm/h„)">|;| : m > n| , 

III/II 2 = sup |||I/(m,n)||(/c„/A;^)''z^i;;[ : m < n| , 

respectively. Then (fli, || ■ ||i) and (f22,11 ■ II 2 ) are Banach spaces. 

Lemma 3.1. For each X eY and n e'L, there exists a unique solution Ux E fli of (3.2) 
satisfying 

m—1 

Ux{m, n) = A{m, n)Pn + ^ A{m, t + l)Pr+iB^{X)U{T, n) 

(3.7) 

- ^ Afm, T + l)Qr+iB^{X)U{T, n) 

T=m 

and Ux{m,a)Ux{o',n) = Ux{rn,n) for m > a > n. Moreover, Ux is Lipschitz continuous in 

X. 
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Proof. It is trivial to show that Ux{m,n)m>n satisfying ( 3 . 7 ) is a solution of ( 3 . 2 ). For each 
X eY, dehne the operator Jf on f 2 i by 

m—1 

{J^U){m, n) = A{m, n)Pn + ^ A{m, r + l)Pr+iBT-{X)U{r, n) 

T=n 


- A{m,T + l)Qr+lBr{X)U{T,n). 


We will show that Jf has a unique hxed point in ffi. In fact, for m >n, one has 

m—1 

y : = 5; IMKr + l)F.+.||||B,(A)||||t;(r,»)|I 

T=n 

00 

+ Y1 WA'rnA + Wr+i\\\\Br{X)\\\\U{T,n)\\ 
r=m 

m—1 00 

< /fc(A„/A„)vf„i E j^ryiiiviii+E ytn lie'll! 

T=n T=m 

<Kc{N, + N2){hJhnrfrl0\\i. 


Then, 


\\{J^U){m,n)\\ < K{hm/hnTfi\n\ + < K{hm/hnTfi\^^ 

+ Kc{N^ + N 2 ){hJhn)yi\\\U\\i 

and 

\\J^U\U < K + Kc{Ni + N2)\\U\U < 00. ( 3 . 8 ) 

Hence, JfU is well-dehned and Jf : fli ^ fli. Moreover, for each X E Y, Ui, U2 E fli, and 
m> n, dehne 



m—1 

:= Y1 \\Am,T + l)Pr+i\\\\Br{X)\\\\Ui{T,n) - U 2 {T,n)\\ 

T=n 

and 

00 


^A := + ^)QT+i\\\\BriX)\\\\Ui{T,n) -f/2(r,n)|| 

Then 

^A + ^A — Kc{Ni + N2){hm/hnY — f^2||l 

Whence, 



\\{J^Ui){m,n) - {J^U2){m,n)\\ <Al + Al 

< Kc{N^ + W)(h™/hn)“/if„|||f/i - I 72 II 1 

and 

II - J^U2\\i < Kc{N, + N2 )\\Ui - U2\\i. 
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If (3.3) holds, then the operator is a contraction and there exists a unique U\ G such 
that JiU\ = U\. Therefore, (3.7) holds. 

By (3.7), one has 


cr —1 

Ux{m,(T)Ux{(T,n) = A{m,n)Pn + '^A{m,T + l)Pr+iBr{X)Ux{T,n) 


T=n 


m—1 

+ ^ A{m, T + l)Pr+lBr{\)Ux{T, a)Ux{(T, n) 

T=a 

OO 

- ^ A{m, T + l)Qr+iBr{X)Ux{T, a)Ux{a, n). 

T=m 


Let Lx{m, a) = Ux{m, a)Ux{(T, n) — Ux{m, n) ior m > a > n. For I G hl'f (here hl'f is hli with 
n replaced hy a) , m > a, and A G F, define the operator by 


m—1 

a) = ^ A{m, r + l)Pr+iBr{X)l{T, a) 

T=(J 

OO 

- ^ A(m, T + l)Q^+ii?^(A)/(r, a). 

T=m 


It follows that 


and 


m—1 


T=n 

OO 

+ Kc{hm/KY^P\^\ E ^|r+l|ll^ 


<Kc{N^ + N 2 ){hJK)yi\\ 


m—1 


\\{H^li){m,a) - {H^l 2 ){m,a)\\ < iFc(h^/h„)>[„| ^-/ 2 II 1 

T=n 

00 

+ Kc{hm/hnY^^\^\ ^ V\Y+1\\\^^ ~ ^2||l 


< Kc{N^ + NY{hmlK)yi\\\h - ^2||i 


for /, /i, I 2 G Then 

||77i^/||i<i^c(iVi + iV2 )||/||i<oo 

and 

\\H^h - H^hWi < Kc{Ni + iV2)||/i - /2II1. 

Therefore, is well-defined, H^iVLI) F fli, and there exists a unique lx G such that 
77 ^'/a = lx- Moreover, it is not difficult to show that 0 G and 77^0 = 0. On the other 
hand, it is clear that H^Lx = Lx- Whence La = /a = 0. 
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It is time to show that Ux is Lipschitz continuous in A. It is clear that, for any Ai, A 2 G Y^ 
there exist bounded solutions Ux^,Ux^ G satisfying (3.7). By (a 2 ) and (3.8), we have 

A'^(r) : = \\Br{Xi)Ux^{T,n) - Br{X2)Ux2{r,n)\\ 

< \\BriXi)Ux,{T,n) - Br{Xi)Ux,{T,n)\\ 

+ \\Br{Xi)Ux,{Yn) - B^{X2)Ux,{r,n)\\ 

< c(h.+l/h„)X47|%|(||f/A, - f/A.IIl + ^|Ai - A 2 I) 

for any t > n. It follows from (3.7) that 
\\Ux,{m,n) - Ux 2 {m,n)\\ 

m—1 00 

< \\A{m, T + l)Pr+l\\A^{T) + Y ^ + l)Qr+i||Al^(r) 

T=n T=m 

( m—1 00 \ 

+ E 

T=n r=m / 

< KciNi + N 2 )ihJhnr^il^i\\Ux, - Ux,\\i + K\Xi - A 2 I). 

Then 

- f^Ajli < [KKciN, + iV2)/(l - KciN, + iV2))] ■ |Ai - A 2 I. 

The proof is complete. | 

Lemma 3.2. For X E Y and n E Z, there exists a unique solution Vx E 1^2 of (3.2) 
satisfying 


m—1 

14 (m, n) = A{m, n)Qn + Y ^ + l)Pr+iB^{X)Vx{T, n) 


T= — 00 


n—1 

- Fi A(m.T + l)QT+iBr{\)V^{T, n) 


(3.9) 


and Vx{m,a)Vx{o',n) = Vx{m,n) for n > a > m. Moreover, Vx is Lipschitz continuous in 

X. 

Proof. It is obvious that Vx{m,n)n>m satisfying (3.9) is a solution of (3.2). For each X eY, 
dehne the operator Jf in f22 by 


m—1 

{J2V){m,n) = A{m,n)Qn + Y^ A{m,T + l)Pr+iBT-{X)V{T,n) 

T= — 00 


n—1 

- Y, T + l)Qr+lBr{X)V{T, u). 

T=m 
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It follows from (2.1) that 


TTL—l 

Al:= Y. IM(m,r + l)P.+,|ll|B.(A)lll|r(r,n)|| 

T= — 00 

n—1 

+ + ^)Qr+l\\\\Br{X)\\\\V{T,n)\\ 

T=m 

m—1 

T= — 00 

n—1 

+ Kc{kn/km)~^uf^^ Y ^|r+l|ll''^ll2 

T=m 

< A-c(/Vi + Af2)(fc„/*:„)-Vf„|||V'||2 


(3.10) 


and 


\\iJ2V){m,n)\\ <K{kJk^) 

< K{kn/km)-'^vl\ + Kc{N^ + N2){kn/km)-'^vl\\\V\\2. 


Then 


IIJ 2 VII 2 < i^ + i^c(iVi + iV 2 )||I /||2 < 00 (3.11) 

and J 2 : fl 2 fl 2 is well-dehned. Proceeding in a manner similar to those in (3.10), one 
has 


J2V1 - J2V2II2 < Kc{N^ + N 2 )\\Vi - l/slb- 


The operator J 2 is a contraction due to (3.3) and then there exists a unique Vx G fl 2 such 
that J 2 VX = Vx- Hence (3.9) holds. 

From (3.9), it follows that 


n—1 

Vx{m,a)Vx{a,n) = A{m,n)Qn - ^^(m,r + l)Q^+iH^(A)I/x(r, n) 

r=cr 

m—1 

+ Y + l)^r+i5r(A)I4(r, a)Vx{(T, n) 

T = 1 
(7—1 

- Yj + l)Qr+i5^(A)Vx(r, cr)I4(o‘, n). 


For a hxed a G Z, let L\{m, a) = Vx(m, a) 14(o', n) — 14(m, n) for n > a > m. Consider the 
operator dehned by 


m—1 

O') = ^ A{m, r + l)Pr+iBr{X)l*{T, a) 

T=1 

(7—1 

- Yj Al(m, r + l)Q.r+i-B.^(A)r(r, a) 

T=m 
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for A G y, /* G 1 ^ 2 , and m > a, where is obtained from f 22 by replacing n with a. It is 
not difficult to show that H^L* = L*, ||hr 2^*||2 < Kc{Ni + iV 2)||/*||2 and 

- H^llh < Kc{N^ + N2 )\\ll -i;\\2 

for G 1 ^ 2 • Then there exists a unique I* G such that H^l*^ = l*x and 1*^ = L\. 

Moreover, 0 G ^l^o satishes this identity and = 0, which then implies that L\ = 
/*= 0 . 

Next we show that V\ is Lipschitz continuous in A. For any Ai,A 2 G Y, there exist 
bounded solutions Vai,Va 2 G satisfying (3.9). It follows from (a 2 ) and (3.11) that 

A^{t) : = \\Br{Xi)Vx^{T,n) - Br{X2)Vx2{T,n)\\ 

< \\BriXi)Vx,iT,n) - Br{Xi)Vx,iT,n)\\ 

+ ||fi.(Ai)lA,(r,n) -i?.(A2)lA,(r,n)|| 

< c{K/knru-l-[uf^\{\\Vx^ - ^a.||2 + K\X^ - A 2 I) 

for any t > n. By (3.9), one has 


\\Vxiim,n) - Vx^{m,n) 


m —1 


n—1 


< ^ ||Al(m,r + l)P.r+i||Al®(r) + ^ ||Al(m, r + l)Q^+i||Al®(r) 


T=1 


^ m—1 


T=m 

n—1 


< A-c(fc„A„)vf„| hrtii + E (lin. - nj|2 + iflAi - A,|) 


, r=l 


< Kc{N, + N 2 ){kJkr.ruU\\Vx, - IAJI 2 + K\Xi - A 2 I). 


Then 

II^Ai - ^aJ |2 < [KKc{N, + iV 2 )/(l - Pc(iVi + iV 2 ))] • |Ai - A 2 I. 

The proof is complete. | 


For A G E and m G Z, dehne 

Pm{X) = Ax{m, 0)f/A(0, 0 )Ma(0, m), Qm{X) = Ax{m, 0)14(0, 0)Ma(0, m). 

Then Ux{'m,0)Po = Ux{rn,0) since Ux{m,0) = Ux{m,0)Po satishes (3.7) with n = 0 and 
Vx{m,0)Qo = Vx{'m,0) since Vx{m,0) = Vx{m,0)Qo satishes (3.9) with n = 0. For X eY, 
from Lemmas 3.1, 3.2 and 


Po(A) = Pa(0, 0) = Po - M(0, r + l)Q.+iP4A)PA(r, 0), 

r=0 


-1 

Qo(A) = 14 ( 0 ,0) = Qo + Al(0, r + l)PT-+iPr(A)14(p 0), 

r= —00 


(3.12) 


it follows that 
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(bi) Pm{^) and QmW are projections for m G Z; 

(b 2 ) PmWAxim, n) = Axim, n)P„(A), QmiX)Axim, n) = Ax{m, n)Q„(A) for m, n e Z; 

(bg) PoPoW = Po,QoQoW = Qo,Qo(id-Po(A)) = id-Po(A),Po(id-4(A)) = id-4(A); 

(b4) Po(A)Po = Po(A), Qo(A)Qo = Qo(A). 

Lemma 3.3. For X eY, one has 

\\Ax{m,n)\ Ini4(A)|| < K{hm/hnY> n, 

\\Ax{m,n)\ Ini4(A)|| < < n. 

Proof. By the variation-of-constants formula, for X eY and m G Z, if {zY)m>n is a solution 
of (3.2), then = PmzY + QmZ^, where 


m—1 


PmzY = A{m, n)PnZ^ + ^ A{m, T + l)Pr+lBr{X)zY 


m—1 


QmzY = A{m, n)QnZ^ + ^ A(m, r + l)Qr+iBr{X)zY 

T=n 

Our strategy here is to show that, if {zY)m>n is bounded, then 

m—1 

zY = A{m, n)PnZ^ + ^ A{m, r + l)Pr+iBr{X)z^ 

T=n 

oo 

- ^ Al(m, r + l)QT-+iPr(A)2;.^, m>n. 

T=m 

By (3.13), we have 

m—1 

QnZ^ = A{n, m)QmzY - ^ A{n, r + l)Qr+iBr{X)zY 

T=n 

Moreover, \\A{n,m)Qm\\ < K{km/kn)~''A\^\ and 

OO OO 

Yj ll'4(n,T+ l)ft+iB,(A)s^|| < A'c J];y"i|Sup||y|| 


(3,13) 


(3,14) 


(3,15) 


T>n 


< KcN 2 Sup ||z,^|| < oo. 

T>n 


Then, QnZn = — A{n,T + l)Qr+iBT-{X)zf by letting m —>■ oo in (3.15). Hence, 

T=n 

oo m—1 

QmzY = - ^ A{m, T + l)Qr+lBr{X)z^ + ^ A{m, T + l)Qr+lBr{X)z^ 

T=n T=n 

oo 

= - ^ A{m, T + l)Qr+iBYX)zY 

T=m 
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which proves (3.14). 

Given G X, for A G Y, consider the solution = A\{m,n)Pn{X)^ of (3.2) for m>n. 
By the fact that 0)t/A(0, 0) and Ux{m,0) are solutions of (3.2), which coincide for 

m = 0, we have 

:= Ax{m, 0)f/'A(0, 0) J^a(0, n)^ = Ux{m, 0) A(0, n)^. 

Then {z^)m>n is a bounded solution of (3.2) with the initial value z^ = Pn{X)^ since Uxim, 0) 
is bounded for m G Z. From (3.14), for m > n, it follows that 

Pm{X)Ax{m,nA = A{m,n)PnPniXA 

m—1 

+ ^ A{m, T + l)Pr+iBAX)Pr{X)Ax{r, n)^ 

T=n 

oo 

- ^ A{m, T + l)Qr+iBr{X)Pr{X)Ax{r, n)^. 

r=m 

Moreover, 

m—1 

AI: = J2 l|.4(m,r+ l)P,+i||||B,(A)||||PAA)A(r,n){|| 

T=n 

m—1 

< A-c^(A„/AJ>i;;,|||F,(A)lA(T,n)||||P„(A)5|| 

T=n 

m—1 

< A'c(Wftn)>|„|llbA)T||.||P„(A){|| Aftll 

T=n 

<KcihJhAy\n\\\PA)Ml\\PniX)mi 

and 

OO 

= + l)Qr+l||||5r(A)||||.Pr(A)MA(r,n)^|| 

T=m 

oo 

< A-cJ](i,+i/4„)-V|;",|||P,(A)AA(r,»)||||f>.(A)«|| 

T=m 

oo 

<Xc(h^/hO>f„|||P(A)MA||i||il(A)e|| 

^h+i| 

T=m 

<Kc{hJhnrfil\\\PA)Ml\\Pn{XMN2. 

Then 

||F^(A)MA(m,n)e|| < X(h^/h„)>f„|||P„(A)e|| + All + ^ 

<X(WM>f„|||Fn(A)e|| 

+ Kc{N, + X 2 )(h™/h„)>f„|||P(A)MA||i||il(A)e|| 
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and ||P(A)^a||i < K- Therefore, the hrst inequality holds. 

By carrying out similar arguments, we claim that, for each A G P, if {z^) 
bounded solution of (3.2) and lim , = 0, then 

m—>•—oo I I 


m—1 

= A{m, n)QnZ^ + ^ A{m, r + l)Pr+iBr{X)z!^ 

r=—oo 

n—1 

- ^ A{m, T + l)Qr+lBr{X)z^. 

T=m 

Given ^ E X and X eY, one has 

z^n ■= -Axim, n)Qn{X)^ = Vx{m, 0)^a( 0, n)^, m<n 
and {z^)m<n is a bounded solution of (3.2) with z^ = Qn{X)^. Then, by (3.16), 
Qm{X)Ax{m,n)^ = A{m,n)QnQn{X)^ 

m—1 

+ ^ A{m,T + l)Pr+lBr{X)Qr{X)Ax{T,n)^ 

r=—oo 

n—1 

- ^ A{m, T + l)Qr+lBr{X)Qr{X)Ax{T, u)^. 

T=m 

Note that 

m—1 

^l-= +l)^r+i||||5r(A)||||Qr(A)A(r,n)^|| 

T=—OO 

m—1 

<Kc Y, ('Jm/'Jx)Vp:i|IIOx(A).4A(T.n)||||<3„(A)e|| 

r=—oo 

m—1 

< Kc{kJk^)-%^\\Q(\)AM\Qn(m\ E 

r=—oo 

< Pc(fcJfc^)-Vf„|||Q(A)A||2||Qn(A)e||iVi 

and 

n—1 

A\^ : = Y^ ||Al(m,r + l)Q^+i||||P^(A)||||Q^(A)A(r,n)^|| 

T=m 

n—1 

<A'cE(^x+i/fc„)-V|;",|||<3AA)A(T.n)||||<3„(A)5|| 

T=m 

n—1 

<Kc{kn/krn)-%\\\Q{X)M2\\Qn{X)a ^h+i| 

T=m 

<Kc{kJkm)-^iy^\Q{X)Axh\\Qn{X)aN2, 


m<n IS ^ 


(3.16) 
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then 


||Q^(A)A(m,n)e|| < i^(fc„/U-yn|IIQn(A)e|| + 4 + < 

<K{kJk^)-%^\\Q^{m\ 

+ Kc{Ni + N 2 ){kn/km) ^^fn|l|Q(-^)Al-A|| 2 ||Qn(A)'C|| 

and 

||Q(A)A||2 <K + Kc{N^ + iV2)||Q(A)A||2, 

i.e., ||Q(A)AIa ||2 < K, which yields the second inequality. | 

Next, we construct the projections PmW for X G Y. 

Lemma 3.4. For X eY, S'o(A) = Lb(A) + Qo{X) is invertible. 

Proof. By (3.12), (bs), and (b 4 ), one has 

Po{^) + Qo{^) — id = QqPo{X) + PoQq{X), (3-17) 

where 

-1 

PoQoW = PoVx{0,0) = A{0,T + l)Pr+lB^{X)Vx{T,0), 

T= — OQ 
OO 

QqPqW = QofoA(0, 0) = — Al(0, r + l)QT-+i.BT-(A)f/A('7‘, 0). 

r=0 

By (3.6), (3.8) and (3.11), for X eY, 


\\Ux{rn,n)\\ < /7(/i^/h„)“/i[„|, m>n 

(3.18) 

\\Vx{m,n)\\ < k{kn/km)~’’i^\n\, m <n. 

(3.19) 


From (3.17)-(3.19), it follows that 

-1 

- 41 ':= ^ ||. 4 ( 0 .r+l)F.«|ll|BAA)lllln(r, 0 )|| 

T = —OO 

-1 

< KKc Y, iho/Kr{ko/k,)-^fifY^^, 

T= — 00 
-1 

< KKc Y < KKcN^ 

r=—OO 

and 

OO 

^ = E IM(0,r + l)Q,+.||||BAA)lll|C'A(r,0)|| 

r=0 

OO OO 

< KkcY{kr^ilk,)-\K/ho)Yrlifo < KkcY\li\ < KkcN^. 

T=0 r=0 
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Then 


||-Po(-^) + Qo(-^) ~ id II < < KKc(Ni + N 2 ) 

and, by (3.3), S'o(A) is invertible for A G F. 

For X eY and m E Z, set 

i4(A) =lA(m,0)Fo(A)Po(A)Fo-'(A)lA(0,m), 

QmW = Ax{m,0)So{X)Qo{X)SQ^{X)Ax{0,m). 

Then Pm{X) and Qm{X) are projections satisfying (3.4) and Pm{X) + Qm(A) = id. 
Lemma 3.5. For X eY , the following claims hold 

||..4A(m,?7,)P„(A)|| < P(/i,^/h„)>[„|||P„(A)||, m > n, 
||..4A(m,?7,)Q„(A)|| < k{kn/kra)~^V\^\\\Qn{>^)\\, m < U. 

Proof. By (b 4 ), for X eY, one has 

Po(A)Po = (Po(A) + 4(A))Po = Po(A), 

So{X)Qo = (Po(A) + Qo(X))Qo = Qo(X). 

Note that S'm(A) = AlA(m, 0)5 'o(A).4,a( 0, m) for m E Z, then 

Pm(A)F^(A) = lA(m,0)S'o(A)PoA(0,m) 

= .AA(m, 0)Po(A).AA(0,m) = Pm(A). 

Similarly, Qm(A)5'm(A) = Qm(A). Whence, ImPm(A) = ImPm(A) andlmQm(A) = 
for A G P since S'm(A) is invertible. By Lemma 3.3, for X eY, one has 

||..4A(m,?7,)P„(A)|| < ||..4A(m,?7,)| ImP„(A)||||P„(A)|| 

< P(h^/h„)“/i[„|||P„(A)||, m>n, 
\\Ax{m,n)Qn{X)\\ < ||.AA(m,n)| ImQ„(A)||||Q„(A)|| 

< k{kn/kyn)~^^\n\\\Qn{k\\, m < U. 


Lemma 3.6. For X eY , the following claims hold 

||nn(A)|| < [K/{1 - 2Kkc{N, + iV 2 ))](/rf^| + J/f^,), 
||Q.n(A)|| < [K/{1 - 2Kkc{N, + rnmkml + 


(3.20) 


(3.21) 


ImQ^(A) 


(3.22) 
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Proof. For ^ E X and A G F", set 

zl^ = Axim,n)PniX)^, m>n, = Axim,n)QniX)^, m<n. 

Then, by Lemma 3.5, (zl^)m>n and {z'^)m<n are bonnded solutions of (3.2). By (3.14) and 
(3.16), one has 

Pm{X)Ax{m,n)f = A{m,n)PnPn{X)f 

m—1 


+ ^ A{m, T + l)Pr+lBr{X)Pr{X)Ax{T, u)^ 

T=n 

oo 

- ^ A{m, T + l)Qr+iBr{X)Pr{X)Ax{T, n)f 


and 


Qm{X)Ax{m,n)^ = A{m,n)QnQn{X)^ 


m—1 


+ ^ ^(m, r + l)P.r+i5T(A)Qr(A)^A(r,n)^ 

r=—OO 
n—1 

- ^ A{m, T + l)(5r+iPT(A)QrAl(r, n)^. 

T=m 

Taking m = n leads to 

OO 

QmPm{X)f = - ^ A{m, T + l)Qr+lBr{X)Pr{X)Ax{T, m)^, 

T=m 

m—1 

PmQm{X)f = ^ A{m,T+l)Pr+iBr{X)Qr{X)Ax{r,m)f. 

r=—oo 

By Lemma 3.5, 

OO 

WQmPUm < KKC\\PUX)\\ 


<KKcN 2 \\Pm{X)\\ 


and 


m—1 


\PmQmm < KKc\\Qm{X)\\ (h,^/h.)“(^^A.)"Vf.+n 

r=—oo 

< KKcNi\\QUX)\\. 


\m\ 
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Since \\Pm\\ < and \\Qm\\ < one has 

||-Pm(A)|| < ||Pm,(A) — Pm\\ + ||-Pm|| 

= ||Pm(A) — PjnPmi^) ~ Pm + PmPm{^)\\ + ||-Pm|| 

= WQmPmW — PmQmWW + ||-Pm|| 

^ ||QmPm(A)|| + ||PmQm(A)|| + ||Pm|| 

< KKc{N, + 7V2)(||P„.(A)|| + ||g„.(A)||) + 

and 

||gm(A)|| < ||gm(A) — Qm\\ + ||gm|| = ||-Pm(A) — Pm\\ + ||gm|| 

< KKc{N, + 7V2)(||P,n(A)|| + lig^(A)ll) + 

Therefore, for X E Y, 

||P^(A)|| + ||g^(A)|| < 2KKc{N, + iV 2 )(||P^(A)|| + ||g™(A)|) + P(/if^| + 


By Lemma 3.5 and Lemma 3.6, (3.5) holds. In order to complete the proof, we only need 
to show that the stable subspace Px{X) and the unstable subspace Qx{X) are Lipschitz 
continuous in A. 

In fact, from Lemmas 3.1, and 3.2, it follows that Ux and Vx are Lipschitz continuous 
with respect to A. Note that Ax is Lipschitz continuous in A, hence Pm{X) and Qm(X) are 
Lipschitz continuous in A. Moreover, since V is hnite-dimensional, 5*0 (A) and S'()"^(A) are 
both Lipschitz continuous in A. Then (3.20) implies that the above claim is valid. 


4. Nonlinear perturbations: Grobman-Hartman theorem 


In the nonlinear perturbation theory, the linearization of dynamical systems stands as a fun¬ 
damental step and as a principle tool in the study of local behavior of a given nonlinear flow. 
The classical Grobman-Hartman theorem, as the well-known linearization theorem, states 
that, around a hyperbolic hxed point, the map or the flow of a nonlinear dynamical system 
is topologically conjugate to the corresponding linear map or flow in some open neighbor¬ 
hood of the origin, that is, there exits a homeomorphism such that both maps or flows can 
be transformed into each other. In this section, with the help of nonuniform {h, fc, p,, u)- 
dichotomy, we devote to establishing a new version of the Grobman-Hartman theorem for 
a very general nonuniformly hyperbolic linear operators under nonlinear perturbations. 

To facilitate the discussion below, dehne 


Ai 

A 2 


£ A 

{^m}mGZ ^ A 


there exist positive constants /i G M and Wi G Z 
such that any interval of length li of R contains at 
most cji elements of {l/umjmGZ 

there exist positive constants /2 G R and 072 G Z 
such that any interval of length I 2 of R contains at 
most UJ 2 elements of {umjmez 
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For any constant I < —1, n, m G Z, = 1 and I 2 = Un, one has 

00 

^ < U2UI + UJ2{2Uny + ' ' ' = UJ2uU! 

T=n 

and 


m—1 


{Um/Urf < + 0Ji2} + ■ ■ ■ — OJiQ^ 

T = — 00 

where C[:= E^i 

Consider the nonlinear perturbed system of (3.1) 

^m+l d" 


(4.1) 


(4.2) 


(4.3) 


Definition 4.1 ([39, 41]). (3.1) and (4.3) are said to be topologically equivalent if there 
exist bounded operators Hm \ X ^ X,m E Z with the following properties, 

(i) if \\x\\ ^ oo, then ||iym(a))|| —)■ cxo uniformly with respect to m E Z; 

(a) for each fixed m, Hm is a homeomorphism of X into X; 

(Hi) the operators Lm = H~^ also have property (i); 

(iv) if Xm is a solution of (4.3), then Hm{xm) is a solution of (3.1). 

Theorem 4.1. Assume that 

(ci) the sequence of linear operators (Am)mGZ, admits a nonuniform {h,k, pi, p)-dichotomy 
with |a|, & > 1 on Z and h E Ai, k E A 2 ; 

(C 2 ) there exist positive constants 0,7 such that, for any x,x^,x^ E X and m E Z, 


\\fm{x)\\ < dniin{/i|Ei|, V+il’ 

\\fm{x^) - fm{x^)\\ < 7niin{/i^^^|,i/|-E|}||x^ 


(4.4) 


(C 3 ) Kf/^UJiCa + X!2C-b) < 1- 

Then (4.3) is topologically equivalent to (3.1) and the equivalent operators Hm satisfy 

\\Hmix) - x\\ < Ka{uiCa + (X 2 C-b), m E Z, X E X. 

In the rest of this section, we always assnme that (ci)-(c 3 ) are satisfied. Let Xm{ji,Xn) 
be the solution of (4.3) with = Xn and Ym{n,yn) be the solution of (3.1) with = y^. 
We first prove some auxiliary results. 

Lemma 4.1. For any fixed eZ x X, 

(di) the system 

^m+l Am^m fm^XmijXli (()') i ^ ^ Zj (4.5) 

has a unique bounded solution {hm{'tn,f))mez <md 

\\hm{m,f)\\ < Ka{uiCa +uJ 2 C-b), mEZ; 
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(d 2 ) the system 


(4.6) 


^m +1 ■^m^m fi ^') “ 1 “ ^m) i Tfl ^ Wj 

has a unique hounded solution (/m(?^, 0 )mez 

||/m(m,OII < Ka{uiCa + uj2C-b), meZ. 

Proof. Direct calculations show that 

m —1 

hm{fh,C) = - ^ A{rn,T + l)Pr+ifr{Xr{m,i)) 

T= — 00 
OO 

+ ^ A(m, T + l)Qr+ifr{Xr{rh, 0) 

T=m 

is a solution of (4.5). By (4.4), for any m E Z, one has 

m—1 

\\hm{mA)\\ = + ^)Pr+l\\\\fr{Xr{mA))\\ 

T= — 00 
OO 

||^(m,r + l)Q^+i||||/^(X^(m,0)|| 


m—1 


< ii-a (hjhr^ir + klY.k 

\r=—OO r= 

< Ka{u:iC,a + ^ 2 C-b)- 


-b 

r+1 


Since the sequence of linear operators (Am)mGZ admits a nonuniform (h, z/)-dichotomy 
on Z, {hm{'th,f))m£Z is the unique bounded solution of (4.5). 

Set 

:= {z : Z X||| 2 ;|| < Ka{ujAa + ^ 2 C-f))}) 

where ||z|| := sup^g^ \\^m\\- It is not difficult to show that (^ 3 , || • ||) is a Banach space. 
Dehne an operator J on ^3 by 


m—1 

J E A{m, T + l)Pr+lfr{Yr{m, f) + Zr) 

T= — 00 
OO 

- Y ^ + l)Qr+l/r(h;(m, 0 + Zr)- 

T=m 

By (C 2 ) and (C 3 ), for any z, z^yz"^ G D 3 and m E Z, one has 


m—1 


\Jzm\\<Kai Y. jhm/hr+i)'' + k’f^Y. ^ 


-b 

r+1 


< Ka{u!iCa + ^2C-b) 
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and 


m —1 


\Jzlr, - Jzl^W < i {hm/K+iT + klY Kh 

\t=—oo T=m 

< K^{uJiCa + UJ2C-b)\\z^ - ^^ 11 , 


which imply that Ji^s) C and J is a contraction. Therefore, J has a unique fixed point 

(^m)meZ: i- 0 ., 

m—1 

lm{rfl,Cj= Y + l)^r+l/r(U(?^,0 + ^r) 

r=—oo 
oo 

- Yj + l)Cr+l/r(U(m, 0 + C), 

T=m 

which is a bounded solution of (4.6). 

Next, we prove that is unique in X. Assume that there is another bounded 

solution C)mGZ of (4.6), which is written as 

m—1 

C(^)0= Y + l)^r+l/r(U(hi,0 +^r) 

r=—OO 
oo 

- Y A{m,T + l)Qr+lfr(Yr{fh,^) + 1 °). 


Proceeding in a manner similar to the above arguments, we have 

\\l-P\\<Kjiuj,Ca + UJ2C-b)\\l-ll. 

Then, by (cs), one has Im = Im for m G Z. Therefore, is the unique bounded 

solution of (4.6) with 

\\lm{rfi,i)\\ < Ka{uiC,a + (^2C,-b), mez. 


Lemma 4.2. Let {xm)m& be any solution of (4.3). Then z^ = 0 is the unique bounded 
solution of 

^m+l -^m^m T fm(^^m T ^m) f 

Proof. It is obvious that Zm = 0 is a bounded solution of (4.7). Next we show that Zm = 0 
is unique. Assume that {z^)m£z is any bounded solution of (4.7), then {z^)mez reads 


m—1 

A{m,T+l)Pr+l[fr{Xr + Zr) - fr{Xr)] 

T = —OO 
OO 

- Y ^ + l)Cr+l[/r(a;r + ^r) “ fri^r)] 

T=m 

and then \\z^ — 0|| < Kj{ui(a + <^ 2 C-fe)lk° ~ 0||- Therefore, z^ = t]. I 
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Define the operators 

Hm{x) = x +h,n{x), Lm{y) = y + lm{y), x,yeX,mEZ. (4.8) 

Lemma 4.3. The following claims hold: 

(ei) for any fixed {m,Xfn) eZ x X, Hm{Xm{rh,Xm)) is a solution of (3.1); 

( 02 ) for any fixed (jh,y^) eZx X, L^lYmifri^ym)) is a solution of (4.3); 

(es) for any fixed m E Z and y E X, Hm{Lm{y)) = y holds; 

( 04 ) for any fixed m E Z and x E X, Lm{Hm{x)) = x holds. 

Proof. From (di) and (d 2 ) of Lemma 4.1, it follows that 

hm^X YnijXl 1 X ffi)') (m, Xyfj) , Irafy^vaipX'i yfh)') ^m(^)2/m)' 

Then 

H,n{X^{rh,Xin)) = X^{m,Xrn) + hm{X^{m,Xrn)) 

XmipXi Xffif; T (m, Xm), 

-hm(hrn(^) yfh)') h)yj(?7l, |/m) T /^(^^(m, yifi)') yrh) T ^m(^) yfh)- 

From the fact that {Xm{rh, Xfn))mez, {hm{m,Xin))m&i., {ym{rh,yfn))mez, and lm{rh,y.^))m&z 
are solutions of (4.3), (4.5), (3.1), and (4.6), respectively, it follows that 

Hm+l(^Xjyi(l7l, Xm)') Xfn') T hm+l{pXi Xffi) 

■^mXmijXl.i Xfjf) T fjYii^XYfiijXl., Xfffj') 

T ^mhmipii Xfh) fm(.Xfji(^mj Xfn')') 

-^mddmiXfji(^Tny Xjfi')') 

and 


Lm+l (ymijXl) yfh)') y^m+l ipX) yfh) T lm+1 ipX) yfh) 
f^mymi^Xly ym) T Ajyiljyi{lTly yfh) 

T fmfymipXy yfh) T lm{,^Xly yfh)) 
ArnLrnfymipX-iyfh}) T fm(.Lm(Yim(.'^y yfh))) ■ 


Hence, (ei) and (e 2 ) hold. 

Let {ym)m&z be any solution of (3.1) and {xm)m€Z be any solution of (4.3). It fol¬ 
lows from (ei) and ( 02 ) that {L,n{ym))ni& and {Lra{Hm{xm)))ni& are solutions of (4.3), 
{Hm{Lm{ym)))mEL and {Hm{xm))m& are solutions of (3.1). Then 

Hm+l i^T m (l/m )) 2/m+l — A 

(-^m (-^m (Z/m) ) Vm) 
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and 


Lm+l^Hfnixm)') ^m+1 /m(-^m(-^m(^m))) 

^m^ra fmi,^m} 

-^m{^LjYi{^H^{Xm)') ^m) 

“ 1 “ Xm ^m) fmi^^m')- 


Moveover, 


-^m(-^m(2/m)) UmW — ||(l/m)) -^m(l/m)|| “1“ ||-^m(2/m) Um 

< 2Ka{uJi(!^a + ^2C-b) 


and 


\ Lm{HfYi(^Xm}} 2^m|| ^ 


I“1“ ||-^m(2^r7i) ^r, 


< 2Ka{uiCa + <^2C-fe)- 


Therefore, {Hm{Lm{ym))-ym)m&z is a bounded solution of (3.1) and Hm{Lm{ym))-ym = 0. 
For any fixed m G Z and y & X, there exists a solution of (3.1) with the initial value ym = y- 
Then Hm{Lm{y)) = y for any m G Z. On the other hand, by Lemma 4.2, we conclude that 
Lm{Hm{xm)) — Xm = 0 for auy m E 1>. For any hxed m G Z and x E X, there exists a 
solution of (4.3) with the initial value Xm = x. Then Lm,{Hm{x)) = x holds for any m e'L. 


In order to establish Theorem 4.1, we only need to verify that {Hm)m&z are topologically 
equivalent operators. In fact, 

• Condition (i): it follows from (4.8) and (di) of Lemma 4.1 that 

\\Hm{x) - x\\ = \\hm{x)\\ < Ka{u}iCa +uJ 2 C-b), m E Z, X E X. 

Then ||iLm(3:^)|| —t cxo uniformly with respect to m G Z as ||x|| —)■ cxo; 

• Condition (ii): by (es) and ( 04 ) of Lemma 4.3, for each hxed m E Z, Hm = is 
homeomorphism; 

• Condition (hi): by (4.8), for any m E Z, 

\\Lm{y) - y\\ = \\lm{y)\\ < Ka{uJiCa + uj 2 C-b), m G Z, y E X. 

This implies that ||Lm( 2 /)|| —)■ cxo uniformly with respect to m G Z as |||/|| ^ cxo; 

• Condition (iv): it follows from Lemma 4.3 that the condition (iv) holds. 
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5. Nonlinear pertnrbations: parameter dependence of stable Lipschitz invariant 
manifolds 


It has been widely recognized that, both in mathematics and in application, the clas¬ 
sical theory of invariant manifolds provides the geometric structures for describing and 
understanding the qualitative behavior of nonlinear dynamical systems. In this section, we 
establish the existence of parameter dependence of stable Lipschitz invariant manifolds for 
sufficiently small nonlinear perturbations of (3.1) with the nonuniform (h, k, /i, z/)-dichotomy. 
Since here we only consider the case of stable invariant manifold, then we only need to carry 
out the discussion on Z’*'. 

Consider the nonlinear perturbed system with the parameters of (3.1) 




(5.1) 


where fm-XxY X and /m(0. A) = 0 for any m e and X eY. In order to establish 
the existence of stable invariant manifolds and for convenience of the discussion, we rewrite 
the nonuniform {h, fc, p, i/)-dichotomy in the following equivalent form 

\\A{m,n)Pn\\ < K {h^/hnY fin, 

\\A{m,n)~'^Qm\\ < K {km/kn)~''A^ 


ioY m > n and define the stable and unstable spaces by Em = Pm{X), Fm = Qm{X),m G Z+, 
respectively. 

Let 

/3 _ uf>/isQ)u-a{q+l)/{eq) l+l/qf^l/{eq) fc- o'. 

Pm — rvm '''m Pm ^m , 

where 

OO 

Cm=Yl ^r^(^r/hr+l)“max{p^+l,l/^+J, 

T=m 

and BYq) C En be the open ball centered at zero with radius q for a given n G Z+. 

Denote by X the space of sequences of operators = Zpil) -E X satisfying 


$„(0)=0, ^n{.Bn{l3nY) Y Fn, 


and 

I|4„(?i)-4'„(?2)|| < II6-&II (5.4) 

for any n G Z+ and £ Bn{(3nY, where 

Zfiiv) = {(n,0 : e Z+, ^ G Bnip-yv)} 

and rj is & positive constant. It is not difficult to show that df is a Banach space with the 
norm 

|$|' = sup : n G Z+ and ^ G Bni^~Y \ {0}| • 

On the other hand, let X* be the space of sequences of operators Z+ x X —)■ X 
such that e X and <h„(0 = <hn(/3n^^/||^||), (n,0 ^ Zp. It is clear that there is a 
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one-to-one correspondence between X and X* and X* is a Banach space with the norm 
df* 3 $ 1 -^ |<h|Z^|'. For n G Z+ and ^ 1,^2 £ -E'n, one has 



Ii$n(ei)-<^>n(e2)ii <2116-611. 

(5.6) 

For A G T and 

{n,Un,Vn) ElX X En'x Fn, Consider the graph 



>Va = {(n,6$n(0) : {n,OeZp,<^eX} 

(5.6) 

and 

^^{n,Un,Vn) = {m,Um,Vm), K = m - U > 0, 

(5.7) 

where 

m—1 

Um = A{m, n)Un + ^ A{m, r -h l)P.r+l/r(Mr, Xr, A), 

T=n 

(6.8) 


m—1 

= A{m, n)Vn + ^ A{m, r -h YjQr+lfriUr, Vr, A). 

(5.9) 


T=n 


We now establish the existence of a stable Lipschitz invariant manifold for (5.1). 
Theorem 5.1. Assume that 

(gi) there exist positive constants c and q such that 

\\fm{x\X) - fm{x‘^,X)\\ < c\\x^ - x‘^\\{\\x^ 

and 

\\fm{x, Ai) - fm{x, A 2 )|| < c|Ai - A 2 I ' 
for any m G G X and A, Ai, A 2 G Y ; 

(g 2 ) the sequence of linear operators {Am)me'L+ admits a nonuniform {h, k, /i, u)-dichotomy; 
(gsj lim = 0 and hf^fd^ is a decreasing sequence. 

m—>-oo 

If c in (5.10) and (5.11) is sufficiently small, then, for each X eY, for any {n,f), {n,^i), 
{n,^ 2 ) G Zp.^{2K) and k = m — n > 0, there exist a unique sequence of operators = 
G T and a constant d > 0 such that 

v&^(n,e,$n(0)e Wa (5.12) 

and 

i|v&^(n,ei,<hn(ei)) - ^^(n,e2,$n(6))ii < c?(h^/h„)vjiei -^ii- (5.13) 

Moreover, there exists a constant d* > 0 such that 

ll'I'i‘(«.C4>^‘K)) - 'I'i“(«.C4>^K))ll < d(/!™//!„)X|A, - A.I . ||{||. (5.14) 

for any Ai, A 2 G Y . 


5 + 11x16 

(5.10) 

x||^+^ 

(5.11) 
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Proof. We first prove that, for each (n, <h, \) & ZpX X* x Y, there exists a unique sequence 


of operators u = uf’^ : —)■ X with Un = f such that (5.8) holds for any m> n and 


Let 


where 


\um\\ < 2 X(hm/h„)“/i^||^||. 


Qs := {u\ [u, oo) -)■ X|||u||* < 13^^,Um e Em,Un = f,m> n}, 


(5.15) 


Nh = ^sup 


\Ur 


: m > n> . 


. (5.16) 

Then fls is a Banach space with the norm H-H*. Given (n,f) G Z^g and $ G X*, for each 
A G y, define an operator on Gs by 

m —1 

L^Um = Aim, n)f + ^ A{rn, T + l)Pr+lfr{Ur, <hr(Mr), A). 


Obviously, L^Un = f and L^Um G Em for m >n. By (5.10) and (5.2), one has 

BY^: = \\Mur,MuY,m 


and 


Then 


< C (llUrll + ||*f*r(M7 

< 3''+ic||nJ|''+i 


|Mr|| + ||*h7-(M7 


< 6 '?+^cX'?+i 




a{q+l) 


r>n 


m—1 


\L^Um\\ < ||Al(m,n)||||^|| + ^ \\A{m,T + l)Pr+i\\BY^ 


< K 


hr 




\L\\U < - (lien +6‘'+^cX‘'+^h-“X^(||n|l,)^+iG„) 


— £ 
n 


< - (1 + A 

< 1(1 + 6’+‘cA-’+‘)/3r- 

Hence, L^{Q 3 ) C Os since c is sufficiently small and one can take a c such that < 1. 

Moreover, for any G O 3 , it follows that 

BY^ ; = \\U{uY A) - U{uY A)|| 

<3''+'ciiq-«?ii(ii^;r+iii‘?r) 




hr 


P 
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and 


m—l 




< 2 - 6 «+^ci^«+ 2 ||M^- 


M 


hn 


f^r, 


Then \\L^u^ — — m^||*. Since c is sufficiently small, take c such that 

< 1 , then is a contraction in fls and there exists a unique sequence of operators 
u = E ils such that L^u = u. On the other hand, since K/{1 — < 2K, 

it is not difficult to show that, for any m > n, 

||m||* < ^ll^ll + IIm^II < 2K{h„,/hnTfinU\\. 

Next we study the properties of the unique sequence of operators u = u^’^. 

For each X E Y and $ G X*, write m* = for i = 1,2 and (n, ^i), (n, ^ 2 ) £ Zp. By 
(5.5) and (5.10), one has 

: = WMul, ^rK), A) - Mul, ^Aul), A)|| 

< 3'^~^^c\\ul - m^||(||m):||'' + IIm^II''). 


Then 

m—l 

WvL-uU < M(m,n)(^i -^ 2)11 + M(m,r + l)P.,+i||5^’^ 

T=n 

+ 2 ■ e'^+^cP'^+^ll^l _ ^ 2 ||^ 

and 

\\u^ - w^W* < ^11^1 - 611 + 

Therefore, 

IK - <11 < - 6|| ( 5 . 17 ) 

with Ki = K/{I — if c is sufficiently small. 

For each X E Y and each (n, 6 ^ ^/3; write m* = m| for i = 1,2 and E X*. 

With the help of (5.2), (5.5), (5.10), and (5.15), one has 

: = WfAul, A) - Mul, Kiull A)|| 

< s’c [3(iiq - «;ii)(ii«;ii« + ii«;r) ■ (ii«;ii ■ if - f i')(ii«;ii'' + ii«;ii«)] 

< |2'6’+‘cA’+"||!i‘ - ti^||, + 4-6''cA''+‘||{|| ■ |4' - f I'] 
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and 


m—1 

||m^ - M^ll < \\A{m, T + l)P^+i||5^’^ 

T=n 

< [2 ■ - u% + 4 ■ eW^+^llell ■ 1$^ - 4>Y] 

Then 

||m^ - - M^ll* + 2 • ew'^+i^ll ■ 1$^ - <h^r]/i"" 


and 

IK - <11 < ■ I*' - <i>Y (5.18) 

with /fj = 4 ■ 6»a/f''+V(l - 6»+'c/f»+'). 

In order to establish the existence and uniqueness of the sequence of operators = 
G df satisfying (5.9) for each given X E Y, we will prove that, if c is sufficiently small 
and <h„ G X*, then one has the following claims: 

(hi) for (n, ^) G Zg and m > n, if 

m—1 

^m{Um) = A{m, n)^n{0 + A{m, T + l)Qr+l/r(Mr, *^>r(Mr), A), (5.19) 

T=n 

then 

OO 

'^n(0 = - Al(r + 1, n)~^Qr+ifr{ur, ^riur), A); (5.20) 

T=n 

(h 2 ) if (5.20) holds for n G and ^ G Bn{(3~^), then (5.19) holds for (n,^) G Zi3.^(2K). 

It follows from (5.2), (5.10), (5.5) and (5.15) that 

: = ||^(r + 1,?7 ,)"^Q^+i|| ■ ||/^(m^, <1>^(m^), A)|| 

^r+ill«rr+' 

/h. \-b /L \a(g+l) 

< 6»+'air»« (^) (G) <’+"||8r+' 

< 6 «+'a/f »+2 (^) <i(^) 

and 

OO OO 

^5A,5 < gg+lg^g+2^fe^-a(g+l)^<q+l)^-<q+l)^^-^^^a(g+l)^. 

T=n T=n 
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Then the right-hand side of (5.20) is well-defined. If (5.19) holds for (n, ^) G and m > n, 
then we rewrite (5.19) as 


m—1 

*hn(0 = n)~^^rniUm) “ ^ A{t + 1, n)~^Qr+lfriuT, <hr(Mr), A). (5.21) 

T=n 

By (5.2), (5.5), and (5.15), it follows that 

\\A{m,n)-^<^,n{um)\\ < 4:K‘^ 

Therefore, letting f ^ cx) in (5.21) yields (5.20). On the other hand, assume that (5.20) 
holds for any (n,^) G Zp, then, for {n,^) G Zp.^{2K), 

||«„|| < 2K (^)”<ll?ll < < K- 

Hence, {m,Um) G for any m>n. By (5.20), one gets 


m—1 

A{m,n)^n{.i) = - '^A{m,T + l)Qr+lfr{,Ur,^r{.Ur)A) 

r=n 

oo 

- ^ A{m, T -h l)Q-r+lfr{Ur, A) 

T=m 

m—1 

^ ^ T a) “h $m(/^m); 

T=n 

where we have used (5.20) in the last equality with (n,^) replaced by {m,Um)- 

We now state the existence and uniqueness of the sequence of operators <I)„ = G df 
such that (5.12) and (5.13) hold for each A G H. 

Given A G H, for G X* and {n,^) G Z/ 3 , define an operator by 

OO 

(J^$„)(0 = - '^Air + l,n)-^Qr+lfr{Ur,^r{Ur)A), 

r=n 

where u is the unique sequence of operators in (5.15) for (n,(^,$,A). Moreover, we have 
J^<I)„( 0 ) = 0 and 


: = WMul, A) - fr{ul, ^Aul), A)|| 

< - m^||(||m):||‘' IIm^II'') 

/ L \ a(9+l) 

< r+'cA-’A-, {j^ j a?»+‘>/ 3„-”II6 - «2ll 
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for any ^2 ^ for i = 1,2. Then 

00 

II J"<^>n(ei) - ^"$n(6)ll < M(r + l,n)-U+i||5"’' 

T=n 

< - fell 

< 6 »+‘aA'’+‘A-i|| 6 - 6 || 

and 

||j"<f>„(ei)->/"$n( 6 )ll < 11^1-611 

since c is sufficiently small. It is not difficult to extend to Z+ x X by = 

J^^n{/3n‘^^/\\^\\) for any (n,^) ^ Z^, and hence, J^{X*) C X*. For any e X*, 

writing u* = for i = 1,2, by (5.5), (5.15), and (5.18), for each (n, ^) G Zp, we have 

5^^ : = WfAulKM.X) - fr{ul,^l{ul),X)\\ 

< 3‘^c{3\\ul - ulW + lln^ll ■ - $Y)(||n^||" + ||n?||") 

/A \ «(<?+!) 

< 2 ■ 6''ciF‘'(2iF + 3JF2)||e|| • |$' - <hY ■ Mj 

and 


iij"®;k) - j^s=K)ii < 5 ^ ii.4(r + i,n)-‘ft+,iiBy 

T=n 

< 2 • Q^cK\2K + 3K2M\\ ■ |d>i - <I>2r. 

Therefore, the operator is a contraction for each X E Y and there exists a unique 
sequence of operators <F = <F^ G If* such that (5.20) holds for every (n, ^) G Z^. From 
(h 2 ) and the one-to-one correspondence between X and X*, it follows that there exists a 
unique sequence of operators $ = <F^ G If such that (5.19) holds for A G F and n G Z"*", 
ie Bn ((/3n ■ /Un)~^/(2K)). For each (n,^) G Zjs.^{2K), by (5.15), we have 

llWmll < 2K{hm/hnTlJ-n^{l3n ' hn)”^ < {hm/hnT^n^ < I3~^, 

ZK 

which implies that {m,Um) £ Zp for any m > n. Therefore, (5.12) holds. For any 
(n, ^ 1 ), (n, ^ 2 ) G Zp.fj,{2K), X eY, and k, = m — n > 0, we have 

< 3||«S’' - < 3/f,(A„/A„)XI|5i - &||. 

To complete the proof, one only needs to establish the inequality (5.14). For (n,^) E 
Zp.^{2K) and Ai,A 2 G Y, set by (5.2), (5.5), (5.10), (5.11), 

(5.15), (5.17) and (5.18), one has 
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< II, «>?■ («^), A.) - /,(u^, 4^ (uj-), A 2 )II 
+ ||/,(«^,4i‘(t.i').A2)-/.('«i".4i=(«i“).A2)|| 

X iiAi - A 2 I ■ ii?r+‘+ 2 ||^ii»ii't."- - «">ii. +1|4"- - 4">r ■ ii?r+‘] 

and 

CX) 

IIK^'K) -<i>^K)ll < Ell-4(^ + 

T=n 

< h'\Xi — A 2 I • ll'^ll + 

where h' = 2 ■ 3‘^~^^K^c, which implies that, if c is sufficiently small, then 

|$Ai _ ^A2|/ < ^ 1 ^^ _ ^^1 ^ 2H\\u^^ - M^^|l*/||e|| 

and 

l|4>i‘«) - ■S>^«)ll < ff|Ai - A 2 I ■ ll^ll + 2B||«"- - «X2||._ 

where H = h'/{l — (2/3)h'). Whence, 

m—1 

\\u^-u^\\ < \\A{m,T + l)Pr+l\\B^’^ 

T=n 

<h'((l + (2/3)i7)|Ai-A2|-||e|| 

+ (2 + {4/3)H)\\u^^ - u^%) {hjhn)yt. 

and 

ll«X‘ -t."»ll. < |7//(2/f)||Ai - A 2 I ■ ||{|| ■ ||«^' -«i;|| 
<B(fc„./MV^|Ai-A2|-|l5ll 

where H = h'{l + {2/3)H)/{l - h'{l + {2/3)H)/K). Therefore, for (n,0 e Zp.^{2K), 
Ai, A 2 G y and k = m — n > 0, we have 

||'i<^‘(«.C4>i‘K))-'i'«“(«.C4>^MO)ll 
= ll(™.“m.<l’m(t‘m)) “ (™. uj.’, 4^? (Um )) II 

< llUm - I'm II + lltmlUm) “ <l’m(t‘m)ll 

< \\< - <11 + l|4^'«) - 4;^>«)|| + ||4^-«) - 4i.>«)|| 
<3K‘-<|| + |>^‘-4X1'|K|| 

< [3H + 2KH{1 + H/K)]{h„/h„)y’}\Xi - A 2 I ■ ||e||. 

which implies that (5.14) holds. The proof is complete. | 
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